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EXISTENCE AND UNIQUENESS OF QUASI-STATIONARY
DISTRIBUTIONS FOR SYMMETRIC MARKOV PROCESSES
WITH TIGHTNESS PROPERTY
MASAYOSHI TAKEDA
Abstract. Let X be an irreducible symmetric Markov process with the strong
Feller property. We assume, in addition, that X is explosive and has a tightness
property. We then prove the existence and uniqueness of quasi-stationary
distributions of X.
1. Introduction
Let E be a locally compact separable metric space and m a positive Radon
measure on E with full topological support. Let X = (Ω, Xt,Px, ζ) be an m-
symmetric Markov process (SMP for short) on E. Here ζ is the lifetime of X . We
assume that the process X is irreducible and strong Feller, in addition, possesses
a tightness property, i.e., for any ǫ > 0, there exists a compact set K such that
supx∈E R11Kc(x) ≤ ǫ. Here 1Kc is the indicator function of the complement of K
and R1 is the 1-resolvent of X . In this paper, we call the family of SMPs with these
three properties Class (T).
We prove in [22] that if X is in Class (T), then for any γ > 0 there exists a
compact set K such that
sup
x∈E
Ex(e
γτKc ) <∞,
where τKc is the first exit time from K
c. As a result, its transition operator pt is a
compact operator on L2(E;m) and all its eigenfunctions have bounded continuous
versions ([22, Theorem 4.3, Theorem 5.4]). If X in Class (T) is not conservative,
it explodes very fast in a sense that the lifetime is exponentially integrable (see (8)
below). In particular, X is almost surely killed, Px(ζ <∞) = 1 for all x ∈ E. The
objective of this paper is to prove the existence and uniqueness of quasi-stationary
distributions of explosive SMPs in Class (T).
A probability measure ν on E is said to be a quasi-stationary distribution (QSD
for short) of X, if for all t ≥ 0 and all Borel subset B of E
(1) ν(B) = Pν(Xt ∈ B | t < ζ),
that is, the distribution of Xt conditioned to survive up to t equals ν over time if
the initial distribution ν is a QSD.
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Let φ0 be the smallest (principal) eigenfunction of pt with eigenvalue λ0, ptφ0 =
e−λ0φ0. As stated above, we can suppose that φ0 is a bounded continuous. More-
over, we can show that φ0 is strictly positive and integrable, φ0 ∈ L
1(E;m) (Lemma
3.4). Hence we can define the probability measure νφ0 by
νφ0(B) =
∫
B φ0 dm∫
E
φ0 dm
, B ∈ B(E),
where B(E) denotes the totality of Borel subset of E. Our main result is as follows
(Theorem 3.1): If X is in Class (T), then νφ0 is the unique QSD of X .
For the proof of Theorem 3.1, the following fact is crucial: Every SMP can be
transformed to an ergodic SMP by multiplicative functional. More precisely, let
Xφ0 = (Ω, Xt,P
φ0
x , ζ) be the process transformed by the multiplicative functional,
(2) Lφ0t = e
λ0t
φ0(Xt)
φ0(X0)
1{t<ζ}.
We then see from Lemma 6.3.2 in [9] that Xφ0 is an irreducible, conservative φ20m-
SMP on E. We can prove that νφ0 is a QSD using the φ20m -symmetry and conserva-
tiveness of Xφ0 (Corollary 3.6). Applying Fukushima’s ergodic theorem (Theorem
2.2 below) to Xφ0 , we can prove that νφ0 is a unique QSD of X . Indeed, since φ0
is strictly positive, bounded continuous as remarked above,
sup
x∈E
1K
φ0
(x) ≤
1
infx∈K φ0(x)
<∞
for any compact set K. Hence by Theorem 2.2 and Corollary 2.1, we have
lim
t→∞
E
φ0
x
(
1K
φ0
(Xt)
)
=
∫
K
φ0dm, ∀x ∈ E,
which leads us to the uniqueness of QSD (Theorem 3.1).
We know that a minimal one-dimensional diffusion process is in Class (T) if and
only if no natural boundaries in Feller’s classification are present (Example 3.1). In
[2], they treat a one-dimensional diffusion process on [0,∞) defined as the solution
of the SDE:
dXt = dBt − q(Xt)dt
whose boundaries 0 and ∞ are exit and entrance respectively. Theorem 3.1 says
that one-dimensional diffusion processes without natural boundary have a unique
QSD in general.
We give two examples of multi-dimensional SMPs in Class (T), absorbing Brow-
nian motions on domain thin at infinity and killed Brownian motions on Rd, which
are treated in [23].
Finally, we remark that if the semigroup of an explosive symmetric Markov
processes in Class (T) is intrinsic ultracontractive, νφ0 is a Yaglom limit: for any
probability measure µ
lim
t→∞
Pµ(Xt ∈ B | t < ζ) = ν
φ0(B).
For example, let XD = (PDx , Xt, τD) be an absorbing rotationally symmetric α-
stable process on bounded open set D, where 0 < α < 2 and τD is the first exit
time from D. We then see that XD is intrinsic ultracontractive ([13]), and thus
lim
t→∞
P
D
x (Xt ∈ B | t < τD) = ν
φ0(B), ∀B ∈ B(D),
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which is an extension of a result of Pinsky [17] to absorbing symmetric α-stable
processes. In [15, Example 4], he give examples of open sets D such thatm(D) =∞
and XD is intrinsic ultracontractive. Applications of the intrinsic ultracontractivity
to the Yaglom limit were studied in [14], [16].
2. Ergodic properties of SMPs
In this section, we summarize results on ergodic properties of SMPs. Let E be
a locally compact separable metric space and E△ the one-point compactification
of E with adjoined point △. Let m be a positive Radon measure on E with full
topological support. Let X = (Ω, Xt,Px, ζ) be an m-SMP. Here ζ is the lifetime of
X , ζ = inf{t > 0 : Xt = ∆}. Denote by {pt; t ≥ 0} and {Rα;α > 0} the semigroup
and resolvent of X :
ptf(x) = Ex(f(Xt)), Rαf(x) = Ex
(∫ ∞
0
e−αtf(Xt)dt
)
.
In this section, we further assume that X is conservative, Px(ζ = ∞) = 1, and
satisfies
(I) (Irreducibility) If a Borel set A is pt-invariant, that is, pt(1Af)(x) =
1Aptf(x) m-a.e. for any f ∈ L
2(E;m) ∩ bB(E) and t > 0, then A satisfies either
m(A) = 0 or m(E \ A) = 0. Here bB(E) is the space of bounded Borel functions
on E.
The symmetry of X enables us to strengthen the ergodic theorem as follows:
Suppose m(E) <∞. For f ∈ L∞(E;m)
(3) ptf(x)→
1
m(E)
∫
E
f(x)dm, m-a.e. x.
Following the argument in [8], we will give a proof of (3).
Theorem 2.1. Supposem(E) <∞. For any f ∈ L∞(E;m), there exists a function
g in L∞(E;m) such that
lim
t→∞
ptf = g, m-a.e. and in L
1(E;m).
Moreover, g is pt-invariant, ptg = g, m-a.e.
Proof. Define Gt = σ{Xs | s ≥ t} and Yt = Em(f(X0)|Gt), where Pm(·) =∫
E Px(·)dm(x). By the time reversibility of Xt with respect to Pm, Yt = ptf(Xt),
Pm-a.e., and so
Em(Yt|F0) = Em(ptf(Xt)|F0) = p2tf(X0), Pm-a.e.
Here F0 = σ{X0}. Since f(X0) ∈ L
1(Pm) and Yt is a reversed martingale,
lim
t→∞
Yt = Em(f(X0)| ∩t>0 Gt), Pm-a.e. and in L
1(Pm)
(cf. [18, Theorem:II.51.1]). Put Z = Em(f(X0)| ∩t>0 Gt). Noting that |Yt| ≤
‖f‖∞, Pm-a.e. by the definition of Yt, we see from the conditional bounded con-
vergence theorem (cf. [18, II.40.41, (41)(g)]) that
lim
t→∞
p2tf(X0) = lim
t→∞
Em(Yt|F0)(4)
= Em(Z|F0) = EX0(Z), Pm-a.e. and in L
1(Pm).
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Put g(x) = Ex(Z). We then see from (4) that limt→∞ ptf = g, m-a.e. and in
L1(E;m). The pt-invariance of g follows from
ptg = lim
s→∞
pt(psf) = lim
s→∞
pt+sf = g, m-a.e.,
which completes the proof. 
Theorem 2.2. ([8]) Assume m(E) < ∞. If the Markov process X is irreducible
and conservative, then for f ∈ L∞(E;m)
(5) lim
t→∞
ptf(x) =
1
m(E)
∫
E
fdm, m-a.e. and in L1(E;m)
Proof. By combining Theorem 2.1 with [5, Theorem 2.1.11](see also [11, Theorem
1]), we see limt→∞ ptf is constant m-a.e. Since (ptf, 1)m =
∫
E fdm, the constant
is equal to the right-hand side of (5). 
Remark 2.1. Suppose that X satisfies the absolute continuity condition:
(AC) pt(x, dy) = pt(x, y)m(dy), ∀t > 0, ∀x ∈ E.
Then “m-a.e. x” in Theorem 2.2 can be strengthened to “all x”. Indeed, for any
x ∈ E
lim
t→∞
ptf(x) = lim
t→∞
∫
E
p1(x, y)
(∫
E
pt−1(y, z)f(z)dm(z)
)
dm(y)
=
∫
E
p1(x, y) lim
t→∞
(∫
E
pt−1(y, z)f(z)dm(z)
)
dm(y)
=
∫
E
p1(x, y)
(
1
m(E)
∫
E
fdm
)
dm(y) =
1
m(E)
∫
E
fdm.
Corollary 2.1. Suppose the assumptions of Theorem 2.2 hold. Assume, in ad-
dition, (AC) and the ultracontractivity, ‖pt‖1,∞ ≤ ct < ∞. Here ‖ · ‖1,∞ is the
operator norm from L1(E;m) to L∞(E;m). Then for f ∈ L1(E;m)
(6) lim
t→∞
ptf(x) =
1
m(E)
∫
E
fdm, ∀x ∈ E.
Proof. For f ∈ L1(E;m), p1f ∈ L
∞(E;m) by the ultracontractivity. Hence
lim
t→∞
ptf(x) = lim
t→∞
pt−1(p1f)(x) =
1
m(E)
∫
E
p1fdm, ∀x ∈ E
by Theorem 2.2 and Remark 2.1. By the symmetry with respect to m and conser-
vativeness of p1 ∫
E
p1fdm =
∫
E
p11 · fdm =
∫
E
fdm,
and (6) is proved. 
3. Quasi-stationary distribution
In this section, we consider the existence and uniqueness of quasi-stationary
distributions. We assume that X possesses the next three properties:
(I) (Irreducibility)
(II) (Strong Feller Property) For each t > 0, pt(bB(E)) ⊂ bC(E), where
bC(E) is the space of bounded continuous functions on E.
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(III) (Tightness) For any ǫ > 0, there exists a compact set K such that
sup
x∈E
R11Kc(x) ≤ ǫ.
A SMP with three properties above is said to be in Class (T). Note that Conditon
(II) implies (AC).
We see that if X is not conservative, the tightness property implies a fast explo-
sion in a sense that the lifetime ζ is exponentially integrable. In particular, X is
almost surely killed, Px(ζ < ∞) = 1 for any x ∈ E. Indeed, let (E ,D(E)) be the
Dirichlet form on L2(E;m) generated by X :
(7)


D(E) =
{
u ∈ L2(E;m)
∣∣∣ lim
t→0
1
t
(u− Ttu, u)m <∞
}
E(u, v) = lim
t→0
1
t
(u− Ttu, v)m.
We define
λ0 = inf{E(u, u) | u ∈ D(E), ‖u‖2 = 1},
where ‖ · ‖2 is the L
2(E;m)-norm. We then see in [19, Corollary 3.8] that λ0 > 0
and for 0 < γ < λ0
(8) sup
x∈E
Ex(e
γζ) <∞.
In the sequel, we assume that X is a explosive SMP in Class (T).
A probability measure ν on E is said to be quasi-stationary distribution (QSD
for short) of X if for all t ≥ 0 and all Borel set B ∈ B(E),
ν(B) = Pν(Xt ∈ B | t < ζ)
(
=
Pν(Xt ∈ B)
Pν(Xt ∈ E)
)
,
where Pν(·) =
∫
E
Px(·)dν(x). QSDs capture the long-time behavior of surely killed
process X when X is conditioned to survive.
A function φ0 on E is called a ground state of (E ,D(E)) if φ0 ∈ D(E), ‖φ0‖2 = 1
and λ0 = E(φ0, φ0). The ground state φ0 exists because the embedding of (E1,D(E))
into L2(E;m) is compact ([20, Theorem 2.1]). Here E1 = E + ( , )m.
Lemma 3.1. For a Borel set B ⊂ E with m(B) > 0, define
(9) λB0 = inf
{
E(u, u) +
∫
B
u2dm
∣∣∣ u ∈ D(E), ‖u‖2 = 1
}
.
Then it holds that λB0 > λ0.
Proof. There exists a minimizer φB0 attaining the infimum in (9) by [20, Theorem
2.1]. Hence
λB0 = E(φ
B
0 , φ
B
0 ) +
∫
B
(φB0 )
2dm > E(φB0 , φ
B
0 ) ≥ E(φ0, φ0) = λ0.

Proposition 3.1. ([22]) The ground state φ0 has a bounded continuous version
with φ0(x) > 0 for any x ∈ E.
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For a compact set K with m(K) > 0, define
pKt f(x) = Ex
(
e−
∫
t
0
1K(Xs)dsf(Xt)
)
, t ≥ 0,
Rλ0,Kβ f(x) = Ex
(∫ ζ
0
e−βt+λ0tpKt f(x)dt
)
, β ≥ 0.
We denote Rλ0,K for Rλ0,K0 simply.
Lemma 3.2. It holds that supx∈E R
λ0,K1(x) <∞.
Proof. By the Lp-independence of the growth bound of pKt ([6, Theorem 1.3]), for
any δ > 0 there exists a positive constant C(δ) such that
sup
x∈E
pKt 1(x) = ‖p
K
t 1‖∞ ≤ C(δ)e
−(λK
0
−δ)t.
Since λK0 > λ0 by Lemma 3.1, for 0 < δ < λ
K
0 − λ0
‖Rλ0,K1‖∞ ≤
∫ ∞
0
eλ0t sup
x∈E
pKt 1(x)dt ≤ C(δ)
∫ ∞
0
e−(λ
K
0
−λ0−δ)tdt
=
C(δ)
λK0 − λ0 − δ
<∞.

We define symmetric bilinear forms on L2(E;m): For u ∈ D(E)
Eλ0(u, u) = E(u, u)− λ0
∫
E
u2dm,
Eλ0,K(u, u) = E(u, u)− λ0
∫
E
u2dm+
∫
E
u21Kdm.
For a general symmetric bilinear form A, Aβ denotes A+ β( , )m.
Lemma 3.3. The ground state φ0 satisfies φ0(x) = R
λ0,K(φ01K)(x) for all x ∈ E.
Proof. For ϕ ∈ bB+0 (E), the set of non-negative bounded functions with compact
support,
Eλ0,K(Rλ0,Kβ ϕ,R
λ0,K
β ϕ) ≤ E
λ0,K
β (R
λ0,K
β ϕ,R
λ0,K
β ϕ)
=
∫
E
ϕRλ0,Kβ ϕdm ≤
∫
E
ϕRλ0,Kϕdm <∞
by Lemma 3.2. Since Rλ0,Kβ ϕ ↑ R
λ0,Kϕ as β ↓ 0, the function Rλ0,Kϕ belongs to the
extended Schro¨dinger space De(E
λ0,K) (For the definition of extended Schro¨dinger
space, see [21, Section 2]).
By the definition of Eλ0,K ,
Eλ0,K(φ0, R
λ0,K
β ϕ) = E
λ0 (φ0, R
λ0,K
β ϕ) +
∫
E
1Kφ0.R
λ0,K
β ϕdm.
Noting that De(E
λ0,K) ⊂ De(E
λ0 ) because Eλ0(u, u) ≤ Eλ0,K(u, u), we have
(10) Eλ0,K(φ0, R
λ0,Kϕ) = Eλ0 (φ0, R
λ0,Kϕ) +
∫
E
1Kφ0R
λ0,Kϕdm
as β → 0.
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Since φ0 is the eigenfunction corresponding to λ0, E
λ0 (φ0, R
λ0,K
β ϕ) = 0 for any
β > 0, and so Eλ0(φ0, R
λ0,Kϕ) = 0. Hence, by (10) and the symmetry of Rλ0,K
with respect to m
(11) Eλ0,K(φ0, R
λ0,Kϕ) =
∫
E
1Kφ0R
λ0,Kϕdm =
∫
E
Rλ0,K(1Kφ0)ϕdm.
On the other hand,
Eλ0,K(φ0, R
λ0,K
β ϕ) = E
λ0,K
β (φ0, R
λ0,K
β ϕ)− β
∫
E
φ0R
λ0,K
β ϕdm(12)
=
∫
E
φ0ϕdm− β
∫
E
φ0R
λ0,K
β ϕdm.
Since ∫
E
φ0R
λ0,K
β ϕdm =
∫
E
Rλ0,Kβ φ0ϕdm ≤ ‖φ0‖∞‖R
λ0,K1‖∞
∫
E
ϕdm <∞,
by Lemma 3.2, we have from (12)
(13) Eλ0,K(φ0, R
λ0,Kϕ) =
∫
E
φ0ϕdm.
by letting β → 0.
By (11) and (13),∫
E
Rλ0,K(φ01K)ϕdm =
∫
E
φ0ϕdm, ∀ϕ ∈ bB
+
0 (E)
and thus
φ0 = R
λ0,K(φ01K), m-a.e.
By the continuity of both functions, “m-a.e. x” can be strengthen to “all x” .

Lemma 3.4. The ground state φ0 belongs to L
1(E;m).
Proof. By Lemma 3.3 and the symmetry of Rλ0,K with respect to m, we see∫
E
φ0dm =
∫
E
Rλ0,K(1Kφ0)dm =
∫
E
1Kφ0R
λ0,K1dm.
The right hand side is finite by Proposition 3.1 and Lemma 3.2. 
Lemma 3.5. Let µ be a QSD. Then µ is absolutely continuous with respect to m.
Proof. If m(B) = 0, then
Pµ(Xt ∈ B) =
∫
E
(∫
B
pt(x, y)dm(y)
)
dµ = 0,
and thus µ(B) = Pµ(Xt ∈ B)/Pµ(t < ζ) = 0. 
We define the space D+(A) by
D+(A) =
{
Rαf | α > 0, f ∈ L
2(E;m) ∩ bC+(E), f 6≡ 0
}
.
Here bC+(E) is the set of non-negative bounded continuous functions. For φ =
Rαg ∈ D
+(A) define the multiplicative functional Lφ by
(14) Lφt =
φ(Xt)
φ(X0)
exp
(
−
∫ t
0
Aφ
φ
(Xs)ds
)
1{t<ζ}, Aφ = αφ− g.
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Let Xφ = (Ω, Xt,P
φ
x, ζ) the transformed process of X by L
φ
t and denote by p
φ
t its
semigroup, pφt f(x) = Ex(L
φ
t f(Xt)). We then see from Lemma 6.3.2 in [9] that X
φ
is an irreducible, conservative φ2m-SMP on E, (pφt f, g)φ2m = (f, p
φ
t g)φ2m (In [4]
this fact is extended to φ ∈ D(E)). Since φ0 ∈ D
+(A) and Aφ0 = −λ0φ0, L
φ0
t in
(14) is simply written as
(15) Lφ0t = e
λ0t
φ0(Xt)
φ0(X0)
1{t<ζ}.
Hence the following equalities hold:
pφ0t f(x) = e
λ0t
1
φ0(x)
Ex (φ0(Xt)f(Xt)) = e
λ0t
1
φ0(x)
pt(φ0f)(x)
and so
(16) ptf(x) = e
−λ0tφ0(x)p
φ0
t
(
f
φ0
)
(x).
We see from Lemma 3.4 that the probability measure νφ0 can be defined by
(17) νφ0(B) =
∫
B φ0 dm∫
E φ0 dm
.
Lemma 3.6. The measure νφ0 is a QSD of X.
Proof. By (16)
Pνφ0 (Xt ∈ B) =
∫
E
Px(Xt ∈ B)φ0(x)dm∫
E
φ0(x)dm
=
e−λ0t
∫
E
E
φ0
x ((1B/φ0)(Xt))φ
2
0(x)dm∫
E φ0(x)dm
.
Since Xφ0 is φ20m-symmetric and conservative, p
φ0
t 1 = 1,∫
E
E
φ0
x ((1B/φ0)(Xt))φ
2
0(x)dm =
∫
E
pφ0t (1B/φ0)(x)φ
2
0(x)dm
=
∫
E
(1B/φ0)(x)p
φ0
t 1(x)φ0(x)
2dm =
∫
B
φ0 dm.
Hence we see
Pνφ0 (Xt ∈ B |Xt ∈ E) =
Pνφ0 (Xt ∈ B)
Pνφ0 (Xt ∈ E)
=
∫
B φ0 dm∫
E
φ0 dm
= νφ0(B).

Theorem 3.1. Assume that X is an explosive SMP in Class (T). Then the measure
νφ0 defined in (17) is the unique QSD of X.
Proof. Let µ is a QSD, i.e.
µ(B) = Pµ (Xt ∈ B | t < ζ) =
Pµ (Xt ∈ B)
Pµ (Xt ∈ E)
.
For compact sets K,F ⊂ E,
µ(K) =
Pµ (Xt ∈ K)
Pµ (Xt ∈ E)
≤
Pµ (Xt ∈ K)
Pµ (Xt ∈ F )
=
∫
E
pt1Kdµ∫
E
pt1Fdµ
.
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By (16), the right hand side equals∫
E
φ0p
φ0
t
(
1K
φ0
)
dµ∫
E φ0p
φ0
t
(
1F
φ0
)
dµ
.
Since
1K(x)
φ0(x)
≤
1
infx∈K φ0(x)
<∞,
1K/φ0 belongs to L
∞(E;m). Noting Xφ0 satisfies (AC) by definition, we see from
Remark 2.1 that
lim
t→∞
pφ0t
(
1K
φ0
)
(x) =
∫
K
φ0dm, ∀x ∈ E.
Hence
(18) lim
t→∞
∫
E
φ0(x)p
φ0
t
(
1K
φ0
)
(x)dµ(x) =
∫
E
φ0dµ
∫
K
φ0dm,
and
µ(K) ≤ lim
t→∞
Pµ (Xt ∈ K)
Pµ (Xt ∈ F )
=
∫
K
φ0dm∫
F φ0dm
.
By letting F ↑ E, µ(K) ≤ νφ0(K) and by the inner regularity µ(B) ≤ νφ0(B) for
any B ∈ B(E). Noting that
µ(B) = 1− µ(Bc) ≥ 1− νφ0(Bc) = νφ0(B),
we can conclude that µ = νφ0 . 
Lemma 3.7. If X is intrinsic ultracontractive, then
lim
t→∞
Pν(Xt ∈ B | t < ζ) = ν
φ0(B)
for any probability measure ν.
Proof. Since
Pν(Xt ∈ B) = e
−λ0t
∫
E
φ0p
φ0
t
(
1B
φ0
)
dν,
we have
Pν(Xt ∈ B | t < ζ) =
∫
E φ0p
φ0
t
(
1B
φ0
)
dν∫
E
φ0p
φ0
t
(
1
φ0
)
dν
.
Noting that 1/φ0 ∈ L
1(φ20m), we have this lemma by Corollary 2.1. 
Example 3.1. Let us consider a one-dimensional diffusion process X = (Xt,Px, ζ)
on an open interval I = (r1, r2) such that Px(Xζ− = r1 or r2, ζ < ∞) = Px(ζ <
∞), x ∈ I, and Pa(σb <∞) > 0 for any a, b ∈ I. The diffusion X is symmetric with
respect to its canonical measurem and it satisfies I and II. The boundary point ri of
I is classified into four classes: regular boundary, exit boundary, entrance boundary
and natural boundary ([10, Chapter 5]):
(a) If r2 is a regular or exit boundary, then limx→r2 R11(x) = 0.
(b) If r2 is an entrance boundary, then limr→r2 supx∈I R11(r,r2)(x) = 0.
(c) If r2 is a natural boundary, then limx→r2 R11(r,r2)(x) = 1 and thus
supx∈(r1,r2)R11(r,r2)(x) = 1.
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Therefore, the tightness property III is fulfilled if and only if no natural bound-
aries are present. For the intrinsic ultracontractivity of one-dimensional diffusion
processes, refer to [24].
Example 3.2. Let D be the family of open sets in Rd. We set
D0 =
{
D ∈ D
∣∣∣ lim
x∈D,|x|→∞
m(D ∩B(x, 1)) = 0
}
,
wherem denotes the Lebesgue measure on Rd and B(x, 1) the open ball with center
x and radius 1. Let X be the symmetric α-stable process, the Markov process
generated by (−∆)α/2 (0 < α ≤ 2). We can show by the same argument as in [23,
Lemma 3.3] that if an open set D belongs to D0, then the absorbing process X
D on
D is in Class (T). For the intrinsic ultracontractivity of XD, refer to [1], [13], [15].
In particular, it is shown in [13] that for 0 < α < 2 XD is intrinsic ultracontractive
for any bounded open set D. As a result,
lim
t→∞
P
D
x (Xt ∈ B | t < τD) = ν
φ0(B), ∀B ∈ B(D).
In [15, Example 4], the author gives an example of open set D such thatm(D) =∞
and XD is intrinsic ultracontractive.
Example 3.3. Let V be a positive function in the local Kato class. If
lim
|x|→∞
m({x ∈ Rd | V (x) ≤M}) = 0 for any M > 0,
then the subprocess of the BM by exp
(
−
∫ t
0
V (Bs)ds
)
is in Class (T)([23]). For
the intrinsic ultracontractivity of Schro¨dinger semi-groups, refer to [12].
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